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ORIENTATIONS

Let O be an order in an imaginary quadratic field K.
An O-orientation on a supersingular elliptic curve E is an embedding

L: O < End(E).
A K-orientation is an embedding
L: K — End®(E) = End(E) @z Q.
An O-orientation is primitive if

O ~ End(E) N u(K).

Theorem
The category of K-oriented supersingular elliptic curves (E, ¢), whose mor-
phisms are isogenies commuting with the K-orientations, is equivalent to the
category of elliptic curves with CM by K.
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ORIENTATIONS - ORIENTING ISOGENIES

Fe” O C_,End(E)
¢

Fe End(F)

Let ¢ : E — F be an isogeny of degree £. A K-orientation ¢ : K < End®(E)
determines a K-orientation ¢. (1) : K — End°(F) on F, defined by

B.()(@) = 3 o) o b

Conversely, given K-oriented elliptic curves (E, tg) and (F, tF) we say that an
isogeny ¢ : E — F is K-oriented if ¢.(tg) = ¢, i.e., if the orientation on F is
induced by ¢.
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ORIENTED ISOGENY GRAPHS - cuapL m

Let p =71 and Ey/F+1 be the supersingular elliptic curve with j(E) =

oriented by the Ox = Z[w], where w? + w + 1 = 0.

The orientation by K = Q|w] differentiates vertices in the descending paths from
Eo, determining an infinite graph shown here to depth 4:
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ORIENTED ISOGENY GRAPHS - YET NOTAER EYANPLE ol

We let again p = 71 and we consider the isogeny graph oriented by Z[wro]
where wrg generates the ring of integers of Q(v/—79).

a2t
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CLASS GROUP ACTION

The set SSo(p) admits a transitive group action:

&(O) x SSo(p) — SSo(p)
([a], E) — [o] - E = E/E]q]

The set SS7) (p) is a torsor for the class group C2(0).

For fixed primitive p-oriented supersingular curve E, we get bijection of sets:

c(0) — SS5(p)

5%
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EFFECTIVE CLASS GROUP ACTIONS Lo0L0

We consider an elliptic curve Eqy with an effective endomorphism ring (eg.
Jo = 0, 1728) and a chain of £-isogenies.
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CFFECTIVE CLASS GROUP ACTIONS sl

We consider an elliptic curve £y with an effective endomorphism ring (eg.
Jo = 0,1728) and a chain of £-isogenies.
» For £ = 2 (or 3) a suitable candidate for Ok could be the Gaussian integers
Z|i] or the Eisenstein integers Z|w].

OKGEO e

Y
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EFFECTIVE CLASS GROUP ACTIONS Lo0L0

We consider an elliptic curve Ey with an effective endomorphism ring (eg.
Jo = 0,1728) and a chain of £-isogenies.
» Horizontal isogenies must be endomorphisms

OKGEO
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EFFECTIVE CLASS GROUP ACTIONS Lo0L0

We consider an elliptic curve £y with an effective endomorphism ring (eg.
Jo = 0,1728) and a chain of £-isogenies.
» We push forward our g-orientation obtaining £ .
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EFFECTIVE CLASS GROUP ACTIONS Lo0L0

We consider an elliptic curve Ey with an effective endomorphism ring (eg.
Jo = 0,1728) and a chain of £-isogenies.
» We repeat the process for F».
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EFFECTIVE CLASS GROUP ACTIONS Lo0L0

We consider an elliptic curve Ey with an effective endomorphism ring (eg.
Jo = 0,1728) and a chain of £-isogenies.
» And again till F,.
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OSIDH PROTOCOL L00L0

PUBLIC DATA: A chain of £-isogenies Eg — E; — ... — E, and a set of
splitting primes p1, . . ., p: CO CEnd(E,)NK C Ok
ALICE BOB

=
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OSIDH PROTOCOL L00L0

PUBLIC DATA: A chain of £-isogenies Eg — E; — ... — E, and a set of
splitting primes p1, . . ., p: CO CEnd(E,)NK C Ok

=

ALICE BOB
Choose integers
ina bound [—r, r]

BEYOND OSIDH | Isogeny Club - 3 Oct. 2023




OSIDH PROTOCOL L00L0

PUBLIC DATA: A chain of £-isogenies Eg — E; — ... — E, and a set of
splitting primes p1, . . ., p: CO CEnd(E,)NK C Ok

=

ALICE BOB
Choose integers
ina bound [—r, r] (er, ... e) (ch,....dy)
onsue e Fn= E”/E” [p(fl o 'pﬁt] Gn = En/En [pjclh o p?t]

isogenous curve

BEYOND OSIDH | Isogeny Club - 3 Oct. 2023




OSIDH PROTOCOL L00L0

PUBLIC DATA: A chain of £-isogenies Eg — E; — ... — E, and a set of
splitting primes p1, . . ., p: CO CEnd(E,)NK C Ok

=

ALICE BOB
Choose integers
ina bound [—r, r] (er, ... e) (ch,....dy)
Construct an B o . B . .
isogenous curve Fn=Es/En[pi" - p¥] Gy = En/Ey [pf - pi]
Precompute all I__n(;r)<_,__,(];r+1)<_m(_l__"(‘1i)(_,__n Gﬁ;r)<_Gn(,7/'r+1)(_‘“<_G£‘l,‘)<_Gn

directions V/
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OSIDH PROTOCOL L00L0

PUBLIC DATA: A chain of £-isogenies Eg — E; — ... — E, and a set of
splitting primes p1, . . ., p: CO CEnd(E,)NK C Ok

=

ALICE BOB

Choose integers
i €. -, e dy, ..., d
in a bound [—r, r] (e ) (ch t)
Construct an o . J y
isogenous curve Fn=En/EnlpT - 9] Gy = En/En [p$* - p']
F’Irecolmpute' al FONFC e FF, 66 M6V,
directions Vi : , ‘ ‘ : :
... and their

) Fam FO o o FUD L E) GG =Gl 56
conjugates , : - , , .
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OSIDH PROTOCOL L00L0

PUBLIC DATA: A chain of £-isogenies Eg — E; — ... — E, and a set of
splitting primes p1, . . ., p: CO CEnd(E,)NK C Ok

=

ALICE BOB
Choose integers
in a bound [gr, ] (er-. &) (di.... de)
o e Fr= EEBE B G B/ b ]
Plrecolmpute' all I P = = GG e,
directions Vi i ni 0N ni < Gn
55;335?5! Far Py = =Py DR GGy = G 6l

Exchange data ><
Gp+directions F,+directions
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OSIDH PROTOCOL

LCOLO

PUBLIC DATA: A chain of £-isogenies Eg — E; — ... — E, and a set of

splitting primes p1, ..

Lp: COCENd(E,)NK C Ok

Choose integers
ina bound [—r, r]
Construct an
isogenous curve
Precompute all
directions Vi

... and their
conjugates
Exchange data

Compute shared
data

ALICE BOB
(er,..., er) (..., dt)

Fn = En/En [13(191 o ']J(?] Gn = En/En [pjclh o 'p?t]
FENFUr D FUF, Gt Mg,
ForF D = FUD o L) GG . =G =6l
Gn+directi(ms><n+directions
Takes ¢; steps in Takes d; steps in
pi-isogeny chain & push pi-isogeny chain & push
forward information for forward information for
J> . J >
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OSIDH PROTOCOL

LCOLO

=

PUBLIC DATA: A chain of £-isogenies Eg — E; — ... — E, and a set of
splitting primes p1, . . ., p: CO CEnd(E,)NK C Ok

ALICE
Choose integers
ina bound [—r, r]
Construct an

= €1, .. pnét
isogenous curve Fn = En/EnlpT" -~ p¢]

Plrecolmpute' all FON e P F,
directions Vi : , ‘

gnd their FoosFW D)
conjugates nl

Exchange data

Takes ¢; steps in
Compute shared pi-isogeny chain & push
data forward information for
J> .

BOB

Gp = En/En [pjclh o 'p?t]

66 M6V,

n,i

GG . =G =6l

n i

Gn+directi(ms><n+directions

Takes d; steps in
pi-isogeny chain & push
forward information for
J> .

In the end, they share H, = E,/E, [p7 % - ...

. pftert]
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£, =31
L3 =43

£

4535 + 25565

2500 + 17643

8813 4 01180

o820

1218
64944,
99264,

or17

5789 2605
9350 1266
6332+
3623+
sa8is
1203,
sazs
soma m302

7778
8545
377

1625

5379,

2602 + 6565/
+ 32878

a
6987 + 67205

4761 + 30395

Zlw]

p = 10007
=2
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(o =

[am'
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=

D

(e

5305 + 5330
730 + 46310

7469 + 49430

5502 + 36758

2845 + 63320

7348 + 50643

9992 + 53768

5958 + 4677

o151

e0gs + FroL

29926 + vTve

6298 + aveT

DreET + 1e96

o1rL + TreT

ozvPE + 018
1816
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

£ E
Iy
- po 3 % o
] g I £ 3 g
® g jd 5 3 & o
OO @@ @——0—@
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313
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Alice secret key: 171313
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

BEYOND OSIDH | Isogeny Club - 3 Oct. 2023




OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

1216
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

Te—0 —0 -0 -0 -0 —0 @1
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

O —0 0 0 -0 -0 —0 0@ @55

1216

5494 + 99265
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

> —@

> —@

D— @555

1216

5494 + 99265
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

TR0 —0 0 -0 -0 —0 0 0@
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

1216
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

1216
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13

BEYOND OSIDH | Isogeny Club - 3 Oct. 2023




OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13

sz Beid
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13

ity w302 Fosis Wi disio
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13

final
elliptic

Elliptic curve
shared by Alice
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13

5 «
g 3
g
3
. pS = % }
g g 2 g 3 8
= 1= & & Ed ] o
*—0—0—0—0—0—0
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13

111
B
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111
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13

— @3965
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,13

111
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OSIDH PROTOCOL - AN EXAMPLE

Bob secret key: | 1,15

111
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

e

9

g
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

e

@
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

e
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

o e
= = BR . =
66 6—6—06—8 6
\
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

e
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313
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OSIDH PROTOCOL - AN EXAMPLE

Alice secret key: 171313

g

.
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OSIDH PROTOCOL - AN EXAMPLE

o2, 15
s
761 35+
055 2355065
. 305,
omr 5 n e 350
I
Elliptic curve [
shared by Bob ; e
¥ o shared by Alice W
o 2
o s,
B

Blliptic Curve

shared by Bob
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OSIDH PROTOCOL - SECURITY CONSIDERATIONS gv

For an order O of conductor £”M, we note that C4(0) ~ SS7 (p) and define
I=hx...xIltCZ" wherel =[-r,r].
The security of OSIDH depends on the following maps

I =T]=r.n] — SSZ(p) — SS(p)
=1

We want the first map to be injective and the second one to be surjective.
The attack of Dartois and De Feo exploits the non-injectivity of the map
I — SSg (p) to recover an endomorphism of E.

s
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COUNTERMEASURES - THE USE OF NON-SPLIT PRIME LCOL0

On one side, A begins with F = E.

» Split primes: for each prime g; in Ps, choose a random s; € /;,
constructs the g;-isogeny walk of length s; while pushing forward the
other direction as well as the g-clouds at each prime g in P, and Pg.

» Non-split primes: for each prime choose a random walk in the cloud to
a new curve F and push forward the remaining unused g-clouds.

U
W
A
I

The data F and g-isogeny chains at primes ¢ in Ps and g-clouds at primes ¢ in
P constitute A’s public key.
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ADDING LEVEL STRUCTURE

Wy



MOTIVATION
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ADDING LEVEL STRUCTURE

There are multiple reasons to add level structure to our construction:

» With an £-level structure, the extension of £-isogenies by modular
correspondences allows one to automatically remove the dual isogeny
(backtracking): there are £ rather than £ + 1 extensions.
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ADDING LEVEL STRUCTURE sl

There are multiple reasons to add level structure to our construction:

» With an £-level structure, the extension of £-isogenies by modular
correspondences allows one to automatically remove the dual isogeny
(backtracking): there are £ rather than £ + 1 extensions.

» The modular isogeny chain is a potentially-non injective image of the isogeny

chain.
)
Need to nigedify
Wazp%mwxﬂ

I

—
|

)

—>

Meed o destingucst
2-ceogences

e 3
—

@8<

—>

C
®
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ADDING LEVEL STRUCTURE

L.COLO

There are multiple reasons to add level structure to our construction:

» With an £-level structure, the extension of £-isogenies by modular
correspondences allows one to automatically remove the dual isogeny
(backtracking): there are £ rather than £ + 1 extensions.

» The modular isogeny chain is a potentially-non injective image of the isogeny
chain.

» Rigidifying automorphisms should also shorten the distance to which we
need to go in order to differentiate 2 points (two torsion of C¢(O) may lift to
non 2-torsion point in C4(O, T)).
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ADDING LEVEL STRUCTURE

L.COLO

There are multiple reasons to add level structure to our construction:

» With an £-level structure, the extension of £-isogenies by modular
correspondences allows one to automatically remove the dual isogeny
(backtracking): there are £ rather than £ + 1 extensions.

» The modular isogeny chain is a potentially-non injective image of the isogeny
chain.

» Rigidifying automorphisms should also shorten the distance to which we
need to go in order to differentiate 2 points (two torsion of C¢(O) may lift to
non 2-torsion point in C4(O, T)).

» g-modular polynomial of higher level are smaller.
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ISOGENY GRAPHS WITH LEVEL STRUCTURE LCOLD

For any congruence subgroup I' of level coprime to the characteristic, we have a
covering Gs(E, ) — Gs(E) whose vertices are pairs (E, (P, Q)) of
supersingular elliptic curves/F . and a '-level structure, and edges are isogenies
P (E, T(P, Q) — (E,T(P, Q")) suchthat y(I'(P, Q)) =T(P', Q).

—
@\\_/’< ; Eg. Io(N)-structures.

/ Vertices (E, G) with G < E[N] of order N

/@ End(E,G) = {a<cEnd(E)|a(G)C G}
\@/Q) On the left the 'y (3) supersingular 2-isogeny
U

U
W
A
I

isomorphic to Eichler order.
graph.

14 {(Eo, Gl), (Eo, GQ), (Eo, G3)} where
G1, G, Gz maps to each other under the au-
tomorphism of Ey; they define 3 isogenies to

O=—=W=—=) &
O O
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SOME MODULAR CURVES OF INTEREST Lo0L0

Weber modular function f=f W/
such that j = (f'-16)° 16)3

X(3) 't = Hesse invariant

ts=1t
__ (£+216)t &3
= oot

Xo(3) =27+ (22)"

m

J-invariant
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WEBER INITIALIZATIONS - AN EXAMPLE OF GRAPHS

We orient the supersingular 2-isogeny graph in characteristic 61 by Q
we then climb the Weber modular tower.

CO==@0 ] C@lD

Weber Modular Polynomials

Us(x,y) = (x> —y)y +16x  W3(x,y) =x* — x>y +8xy + y*
fie

SIDH | Isogeny Club - 3 Oct. 2023



FORMAL ORIENTATIONS
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FORMAL GROUP LAWS sl

Let Q be any commutative ring with multiplicative identity 1 and Q[ 7] its ring of
formal power series.

Definition
A formal group law F defined over Q is a power series F € Q[X, Y] such
that

> F(X,0)=X
» F(X,Y)=F(Y,X)
> F(X,F(Y,Z2)) = F(F(X,Y),2)

Notice that this implies that

FIX,Y)=X+Y+XYG(X,Y) GeQ[X Y]

i
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FORMAL GROUPS sl

Generally a formal group law is just a group operation with no underlying group.
However, if the ring Q is local and complete and the variables are assigned
values from the maximal ideal m of Q, then the power series defining the formal
group will converge in €2, thus giving rise to a group.

Definition
The formal group associated to F/Q, denoted F(Q2) or F(m), is the set m
together with the group operation

X®ry=F(x,y) Vx,yem

For example, if R is a commutative ring with 1 and Q = R[7], then m = TR[T]
and a formal group law is a power series F € R[X, Y] with zero constant term
that makes (TR[7], ©F) an abelian group.

'
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CYAMPLES OF FORMAL GROUPS sl

Let (G, +) be an abelian group with identity 0. Suppose there is a one-
to-one map T : TR[1] — G such that T(0) = 0s, and a power series
F € R[X, Y] with zero constant term such that

T(g)+ T(h) = T(F(g.h)) Vg,heTR[T]
Then F defines a formal group law.

Example. If G = R[7] under addition, and T is the inclusion TR[T] — G,
F(X,Y)= X+ Y defines the additive group law.
Example. If G = R[7]* under multiplication, and T is the g — 1 + g, then

T(@)T(h)=Q+9)(1+h =14+g+h+gh=T(g+ h+ gh)

and F(X,Y) =X+ Y + XY defines the multiplicative formal group law.
Example. If E is an elliptic curve over L = Frac(R[T]) we can construct a map
TR[7] — E(L) and find a power series defining a formal group law.

‘ 1‘5}L
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HOMOMORPHISMS OF FORMAL GROUPS sl

Definition
If 7 and F’ are formal group laws, then a homomorphism from F — F' is a
power series U € TR[7] such that

U(F(X, Y)) = F(U(X), U(Y))

In other words, U is such that g — U(g) defines a homomorphism between
the underlying groups.

Let F1, F» be two formal group laws associated with the power series

F1, F> € R[X, Y] and with maps T3, T to the abelian groups G, G,. We can
prove that if there are a group homomorphism ¥ : G; — G, and a power series
U € T7R[7] such that

¥(T1(9)) = T2(U(9))

then U is a homomorphism of formal group (laws).
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HOMOMORPHISMS OF FORMAL GROUPS - tvaupes i

Example. Let GG =G, =G, T1 =T, =T, F = F = F,and Y(g9) = ng,

n € Z. Then U = [n] is defined recursively by [0] = 0, [1] = 7 and

[+ 1U=]]T®FT.

Example. For the additive formal group law, T is the inclusion TR[7] — R[]
and we get ng = (T (g9)) = T(U(9)) = [n](g). So that [n](T) = nT.
Example. For the multiplicative formal group law we have ¥(T(g)) = (1 + g)"
and T(U(g)) = 1+ [n]g so that

it =3 (7

i=1
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PARAMETRIZATION OF AN ELLIPTIC CURVE sl

Let E be an elliptic curve over a field K. We embed E in P% as a Weierstrass
curve

W(X,Y,2)=Y?Z+aiXYZ + a3¥YZ? = X3 — oy X?Z — ayXZ? — a6 Z*
with O = (0: 1:0). We choose local parameters at O: z = —X/Y and
w = —Z/Y. In particular, the pair (z, w) satisfy an algebraic relation

3

fe(z, w) = 2° + 322w + agzw? + agw® — w + (212 + asw)w

which can be used for Hensel lifting
w(z) =224+ a1 z* + (a5 + a)z° + ...

to a local point at O.

We have W(7, —1, w(T)) =0in R[7]. If f,g € TR[7] and W(f,-1,9) =0
then g =wo f.
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FORMAL GROUP LAW OF AN ELLIPTIC CURVE sl

Let £ be an elliptic curve over a field K. Let L be the quotient field of K[1]. We
can consider points in E(L). Let R be a subring of K containing 1 and all thea;’s.

We construct a formal group law by embedding T R[] into £(L) and stealing
its group law.

Consider points of the form (z, 1, w) € E(K). We have an embedding
T :TR[7] — E(L) f—(f,—1, w(f))
and we can find a power series F which gives rise to a formal group law.
F(X,Y)=X+Y —a XY — a(X?Y + XY?) + higher terms

Let (R, m) be any complete local K-algebra. We let E be the formal completion
of E at O. Then we have an isomorphism

m —— E(R) z— (2, w(2))

where m is equipped with the group structure z; & z» = Fe(z1, 22).
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FORMAL HOMOMORPHISMS ARISING FROM ISOGENIES @V

An isogeny of elliptic curves over K gives rise to a homomorphism of the
corresponding formal group laws over K.

Let / : E — E’ be an isogeny over K given by

(X, Y., Z2)=(A(X,Y,2),L(X,Y,2),X,Y, 2))

We get
A(X, Y, Z)  fi(z,—1,s) c
H(X.Y.Z)  faz, 1)
and we can expand U = f;/f, as a power series, i.e., U(T) = ,7;"’{’ uT!,

Let E, E’, E” be elliptic curves over K and F, F’, F” the associated formal
group laws. If I : E — E’is an isogeny, then U € Hom(F, F’). This defines
an embedding Isog(E, E’) < Hom(F, F). If /' : E' — E” and I’ corresponds
to U’ € Hom(F’, F”) then I’ o | corresponds to U’ o U € Hom(F, F”).

24
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FORMAL ARITHMETIC - exampLE

Let F be the formal group law over R of E. Let g € TR[T].

-9 . —w(9) )

l—aig—aw(g) ~'1—ag—asw(g)

[-1]7(9) = [-1)(9. —1. w(g)) = (

and by the Lemma above this is T(Wiw(g)). This means that

— -7

[-1]

+oo
= = - a asw)"
1— a7 — azw(T) T;( 17+ 23w)

A similar calculation for [2] yields

[/2\] = 27 4+ higher terms

25
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FORMAL ARITHMETIC

More in general, for any n € Z, formal scalar multiplication [/n\] satisfies:
[/n\] = nz + higher terms

In particular, by reversion of power series, if n is invertible in K, then the inverse
of [n] is well-defined:

—~—1 1
[l =—z+-
It follows that Z,) C End(E).

N.B. Here we are indeed identifying z with (z, w) under m = E(R) we hereafter
write simply a(7) = a1z + axz? + . .. for a formal morphism a.
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FORMAL ISOGENICS sl

Let o : E — F be anisogeny of elliptic curves over K, whose degree n is
invertible in K, let B be its dual isogeny, and let

a:E—F,
be its formal completion, given by a(z) = a1z + azz? + - - -.

Since B o a = [n], we have

~

ﬁ(z):ﬁlz+:iz+
aq

and & is invertible in Hom(E, F), with inverse:

6271(2) = [/n\]_lo E(z) = ailz N

The isogeny is normalized if a; = 1.
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FORMAL ENDOMORPHISM RINGS

It follows that for p = char(k) > 0, we have

Z(p) ®z End(E) C End(E)

~ o~

and more generally Z,) @z Hom(E, F) € Hom(E, F). In fact the formal
endomorphism ring contains the completion:

Z(p) @2 End(E) C End(E)y C End(E),
of the endomorphism ring at the prime
B = Hom(E?, E)m C End(E),
where 7 : E — E° is the Frobenius p-isogeny.

~ JZ, if E is ordinary, or
End(E)y = {(’);43 if £ is supersingular,

where Og is the maximal Z,-order of the nonsplit quaternion algebra over Q.
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FORMAL ISOGENY PULLBACK sl

We use the principle that a formal isogeny of degree coprime to p is invertible to
equip an elliptic curve E with formal quaternionic multiplication.

Suppose the p = 11 mod 12, and let £y and E; be elliptic curves oriented by
Z[j] = Z[¢3] and Z[i] = Z[(4],

respectively. Let o : Eg — E and B : E; — E be (smooth) isogenies of degree
coprime to p.

J CEO = . E . B ElD i

We define:

j=dojoa tandi=BoioB inEnd(E).

Then we have an effective subring Z [Ai,j] C End(E).
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ORIENTATIONS OF SUPERSINGULAR FORMAL GROUPS Lol

Let £, %5 £, %4 ... 'y E be an ¢-isogeny chain. The formal group

functor F induces a formal £-isogeny chain:

F(go) F@) | Fo)

F(Eo)

F(E1)

F(Ep),

and given an endomorphism 1 of £y, we define F(y)o = F(9) and recursively,
for each /, a formal endomorphism F(9);+1 of F(Eit1):

F(W)irr = F(1E) " 0 F(¢i) o F(9); 0 F().

We derive conditions under which an endomorphism ¢ of £y induces an integral
formal endomorphism of F(E;).
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CFFECTIVE FORMAL ENDOMORPHISM RING sl

The problem remains to effectively cut out £-torsion subgroups using formal
endomorphisms: Given &, determine ker(a) N E[¢€], or more generally a map to
M, (F,) = End(E[¢]).

Since formal endomorphisms operate locally at O, one needs an algorithm for
extending & to £ x E[{] — E x E[4].

In order to extend formal endomorphisms, we need instead a formal canonical lift
to Z, (characteristic 0) and interpolation.

WORK IN PROGRESS
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