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Notation F FIELD OF CHARACTERISTIC DIFFERENT FROM 2 . B = (¥b )
we have seen last week thatthe reduced noun defines a
quadratic form .This quadratic form in a variables is too big
Since wealready know what happenswhen we restrict it toF,
then wewill study its behaviour on the space of pure quaternions .

Bo = {a EB : trod cat -- o } = f Itt

THIS HAS BASIS i
,j , k .

hrd (X i t Yj + 2- k) = - ax? by4 abz 2

D= f- Q1 C - b) Cab I = at b-

THE DIOCRIMINDNT ISTHEN INTHE TRIVIAL ODD OF F
× /F×2

Good TO UADIFY QUATERNION ALGEBRAS IF OPTO ISOMORPHISM IN

TERMS OFTHIS QUADRATICFORM .

Formorphisms between quadratic forms one allows utter
isometries ( invertible change of veritable preserving the quadratic
form ) or similarities ( rescaling the form .by aEFM .

WEWIU SEETHAT THE AADHICANON OF QUATERNION DLGEBRDS CAN BE
REPHRASED IN TERMS OF QUADRATICFORMS

Definition X EB IS A SCALAR IFaEF AND IT IS PORE IF trd (x) = 0
the standard involution restricted to @ ° is given
by

-

: a
.-s - a ⇒ Bo = - I weighspacefor

-

.

THE RESTRICTION OfTHE REDUCED NORMTO BO ,
nrd I go , DEFINES

A QUADRATICFORM IN THREE VARIABLES WHICH IS IDMETRICTO
< - a

,
- b

,
ab > FOR a ,

b EF × SUCHTHAT AE (0¥ )
Read TUO QUADKsnC FORMS Q : V.→F AND Q

'
: V

'

→
F ARE IM IDK

IFTHERE EXISTS A COUPLE (f , 2b ) : f : V.→ V '
IS AN F VECTOR

SPACE INno RPHIOM AND Q
' (f CX )) = U Q CK) tfKE V



Q AND Q
'
ARE ISOMETRIC IFU=L

toposition LET 8 AND
'
BE QUATERNION ALGEBRAS IF .

TFAE i

Lil B AND ARE 100MORPHIC AS F- DLGEBRDS
(ii) B AND

' 190 ARE 100MORPICH DSF - DLG EBless
(ill) B AND B

' ARE DOMENIC QOADRDTIC SPACES
( IV) B ° AND B" ARE ISOMETRIC DS QUADRATIC SPACES

Sketchofproof lil⇒ Cii ) new IDL FROM BEBOP VIA STANDARD WWWRON
Lil ⇒ (iii ) Follows BY - uniquenessofstandard Incolonon

- Reeked norm comes from
standard involution

.

Citi ) ⇒ Civ ) FollowSTROM WUT CDNCEUSRON

Civ ) ⇒ Ciii) knewLDL

Civ ) ⇒ Ci ) REQUIRES SOME COMPUTATIONS

theorem THERE IS AN EQUIVALENCE OF CATEGORIES

Quaternion algebras IF Ternary quadratic
withF-algebra isomorphisms ⇐ forms with discriminant
and anti- isomorphisms se#IF" with isometries

¥eareErpnEE
-

GIVEN BYTHEFUNCTOR B.→ hrd Ipo

theorem THERE ARE BIJECTION (AND THEYARETVNUORIDL WITH RESPECT DF )
i. e.
,They are compatible with field extension

QUATERNION ALGEBRASto neo::*... If'¥¥¥¥¥%in9's:c.# teen:* ¥1
LEFT F"0010100MARY UPTO OIMIDRITY

Pref I BIJECTION B.→ hrd Iago
• INJECTVITY COMESTROM THE EQOWDUEHE

⇒ Civ) IN THE PROP00117 OH
• SORT EQUITY take a quadratic space CQ , V)
with discr Q -- re#F

" by choosing a basis we
get QE isometric EQ , - b ,

c > , some cab ,
CEF

,
OcbcEFM

is a square

Q = s -Q ,
-b

,
c > =L -Qi-b , Qb by E s

-Qi-b ,
Qb >Ihrdlgo

WITH 8=1aisle ,
!÷÷÷÷:¥÷÷.



YI BIJECTION : (Q ) isometry→ I
SIMILARITY

ourJECTUHY we need toprove that every
nondegenerate ternary quadratic
form is similar to some form
with discriminant I

.

y
this is

,
infact, an equality

Q Esa ,
b
,
c >Nabc sa ,

b
, as Ieatbciabc,abdi

E-Cbc
, QC,Qbs : cdkscr =@bc)2=1 EFMFXZ

INJECTUTY YKQ ,HI =UKQ
'

,
V 'D ⇒ Osim

⇒ F f -

- V.→V
'
AND U : Q

'

Cfcxh =UQCXI )

1=0her ' I =Wdher Q --ud herCQlef¥,
⇒UEF

X /FX 2 ⇒U= CZ CE FX

Q
'
Cc- IfcxD -- C-2,0 '

CfcxD -

-WuQIN Cx )

⇒ 0,1 AND Q ARE ISOMETRIC VID C-If .

CLIFFORD ALGEBRAS

WE CONSTRUCT NOW ATVNUORIDLINVEROE TO B.→ nrdl@o = Q

LET Q : V.
→
F BE A QUADRATICFORM WITH d IMF V -- he

INposition THERE EXIST ANF - ALGEBRA Clf (Q ) watTHAT
(a) F i : T Clf (Q ) SUCHTHAT I CX)2=0,41 Hx c- IT
(b) Elf HDOTHETOWWING UNIVERSAL PROPERTY .

IF A IS

AN F-ALGEBRA AND EA IS NCH THDT IACXIIQCXIVXETT
THEN 7 ! 4 : Clf KQI↳ A HOMOMORPH I OM wat THAT

I CtfCQ )
tie¥
,
a

COMMUTE0
. (Clf (Q) , i ) IS UNIQUE DND i IS INJECTIVE

Clf IS CDUED UFFORD DLGEBKD



Proof Tench =IEoT④d F-
④IF

IT HAS A MOUTIPUCDTIOH : XE F-
④d

,
YET ⑤e x.ye x④ye#

④Cdte)

THENTen (V) HDS A STRUCTURE Of F - DLGEBRA

NOW I = S X ④ X - QCXI IX ETTY ETen (V ) tho ol DED IDEDL

DEFINE Clf(Q ) = Ten (VI II .

IT IS EDOYTO SEE THAT IT

ODTOFIESTHE TWO PROPERTIES

There is awell defined map called the reversal involution
rev : elf CQ ItselfCQ )

X
,
④ . . -

④ Xr ↳ Xr ④ - - - ④Xi
¥¥:¥¥¥i¥¥¥I¥,
FIE'hT¥%YFE%E'YTufF¥iFff Faked fullfunctor )

Hn THE 138004DION Qrs Elf (Q ) INDUCES AFATHF0LTVNU

Quadratic forms IF any Finite dimensionalF-
under isometries algebras with involutions

up to isomorphism .

XZ

Empie Q : F.→F QCN=Qx2 REF (a④ b -- ab#TCLFCQIEFIXIICXZQ) ⑤ only f.m . non-zero
)

teen¥¥¥¥I¥I¥¥¥I, If,d
since e.④ - - -

④an - a- . -
ion -- -⑦ e. then

Kephart (NY I④ (Xt Y l - X④X - Y④Y=QCXtY ) - QCXI - QCYI THEN
X④Y + Y④X --T CX ,Y ) ⇒ X LY⇐ X④Y = - Y④X

Rennard Ten (Y) HAS ANATURAL 7Lzo GRADING BY DEGREE AND BY
CONDUCTION Ctf (Q1 -Ten II RETAINS A 7427L GRADING

Afcon --aft ④Clf
'

CQ )

EnEgee FEE
algebra bimadole ""s " Af 991 Blmoare )

Remark SUPPOSE Ee
, .
. .

, En IS A BASIS FOR Y THEN
-

Ey④ . . - ④En④E = E ,
④
. . -

④En④ (Idi Ei ) = Ii le ,④ - ④ En④Ei )
= Ei CE ,④ - - -④Ei④Ei④ - - -

④En) = I ith
"

Er④ . - -④ (Ei④Ei)④ -- -④Enl

190102.14 = Iif- H
" - iQceil Tee④ . - -

④ Ii④
. - -
④ En]

Atiyah - MacDonald ↳ removed
.. . .

⇒ IF THE DIMENSION of V IS h => IN Clf (Q ) THE DEGREE IS IT
MOST h



⇒ Ctf (Q1 10 GENERATED BY IE iz④ . ...④Eid I kind ii. . -Cid En , d'h}

⇒AftQ1 HAS DIMEHOLON dime CLFCQK Igo (f ) = 2"
EXIM PIE IF Q = La , , .

. . , an ) IS DIAGONAL IN THE BASIS h Ei } it⇒ the basisis ottogomael
THEN

lei
,
④ . . .

④Eid I = sign lie . . . id l Q CE 'ul - - -Q kid -

- thin - - -

aid

Lemmy THE ASSOCIATION Q→ CLFOCQ ) DEFINES DFUNCDR

Quadratic forms IF
under similarities

the
Finite dimensional
F-algebras with involutions
under isomorphisms

example char F -1-2 ,
V BI NDRY QOADRDRC DCE Q -- c Q ,

b> W -r-t
. Hi , Ed

-
-

THEN ClfCQ I ± F⑦ V ⑦ ( V④VIII E F⑦ IF④#⑤ IF④F)④CF④FI

= F⑦F①F ⑦ IF④F) to CF④F)① IF④F)⑦ IF④F) II
EF④F④F④FI①F①F④F) II - F④F⑦F④F=

'

¥÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷:÷÷÷÷÷÷÷.ee#eFtot-eetot-eztoFeixoe-z
wheremultiplication is given by et -- a e-E -- b

Ey ④ Ez = - Ez④EI there opposingthe basis orthogonal sinceQ

QFCQ le la , b le )
to diagonal )

the reverse www.nonwoou-o Notice that the reverse involution is not the
¥. E: standard involution : IT FIXES GAND ez Doo Das *
TO ich DLW BUS GIVES Q . here
we're talking about the reared THE STANDARD WWWRON ON Clf40,1 .

In fact
,
the quadratic formnorm com"8779Mt"'m

Q on V is not the restriction of the norm of A to in ) (Theydiffer by aDga )1-

exempt now LET
'

Q = CQ ,
b
, c> THEN

AfcQ1 EF① V to LV④VI ④ CV④ VXOV) II

Ufo(Q1 EF ⑦ (V⑤V ) EF① (F⑦F①F)④ (F①F⑦F ) IT
⇒

-

too'tE¥¥o¥E¥¥Eit
IF①F E ,④ Ez⑤F E ,

④EstoF Ez④Es



WHERE (Ee ④Ed④¥ ,④Ed = E , ④ Ez⑤ E ,④Ez =
= -⇐④ E 1)④Ez④Ez = - Q ( Ea⑤E3 )
O

⇒ Af (QE F⑦Fi⑤Fj ⑤Fij it -ab j k - be
ij = -ji

⇒ Afton E tab ,
- be IF i.=D

Now the reversal involution is the standard
involution on Ufocat .

nrd I go
=LQb

,
bc

,
Qc> = Cabo, Q2 bc ,

abt> = abc sq ,bid

SO IF d her Q = abc EFM ⇒ n rod I go = Q .

andthis gives another proof of the theorem withthe bijection .

SPUNNG

Classifying quaternion algebras depends on the theory of
ternary quadratic forms
Definition THE HYPERBOLIC PANE IS THE QUADRATICFORM H :F3→F

Hex in -- xx .
2b quadratic form is Hyperbolic if QE H

represents o non trivially
Lemme SUPPOSE Oz IS WN-DEGENERATE .THEN Q toI⇒ I
-

AN ISOMETRY QE H L Q
' WITH Q

'

HDNDEGENERDE AND H AN

HYPERBOUC PDHE.TTOrthogonal sum HIQ
'
: V①V.→F

Cx ill re HCXHQ
'
Cy)

Lemme Q N DEGENERATE , AEF
"

-
TFAE

a) Q REPRESENTS Qb Q E la> IQ ' DME Q '
WN DEGENERATE

C) L-as I Q lo 100TROPIC
-

Form -0×2

theorems LET D=Cab IF I
.

TFAE

1
- B E (1,1 IF )E Ma CF )
2
- B IS IT ADIVISION RING
3

. hrd Ece
,

- Q
,
- b

,
ab> IS ISOTROPIC

4 . hrd Igo E s - Q,
-b

,
Ob > IS ISOTROPIC

5
.
C@ ,
b> REPRESENTS I

6
.

b E Nrm
k , F

( KX) WHERE K#Ci )



Definition A QUATERNION ALGEBRA B IF IS OPUT IF BeMe (F)
A FIELD K CONTAINING F IS 0104117NG FIELDTOR B IF
I④e k lo 0PUT .

(example : IH l E ) .

Lemme K IF QUADRATIC EXTENSION .

K IS A RUN NG FIELDTOR 8
IF AND ONLY IF F KCy B WJEUNE F-DLGEBRD HOMOMORPHISM

example IF D= (04¥ I THEN EITHER QEF" AND Be ( 'fzb ) - Mz ( FI IS Ut OR a¢#2
AND K = F C fat IS A FUNNG FIELDFORB

CONKS & EMBEDDING

Definition A CONIC Ec P2(Fl IS A HOHONGOUR PDHE CURVE OF
DEGREE 2 .

E AND E ' DRE ISOMORPHIC OVER F IFTHERE EXISTS
f- E PG L z CF ) --AUT (P2 ) CF ) INDUCING f : Cf te E

'

'

Ifwe identify PCB9=1891031 IF
'
- PY Ft with Ahe

points of t the projective plane overF. then the vanishing locus
E -
- VCQI Of Qenrollee

defines a conic overF
Quik El -- n red exitYjtzij ) = - ouX 2- by4 abZ'= 0

Corollary THE MAP B→ C -

-

V land 180) HEUSS A BIJECTION

{ Qqatfmonmoqhgehofasmouat-f.es fEfnufomae¥p }
theorem TFAE

If Bee Mz
CF I

E HAS DH F- RATIOHDL POINT

HUBERT SYMBOLS

Definition WE DEFINETHE HILBERTSYMBOL

C
, Lf Fxx F {It }

BY THE CONDITION THAT la ,b) = I⇐ (Q ,b IF I - Mz Cf t ISSPUT

We get ca , ble = I⇒ ax4 by 2=1 HDS DownON : Hilbert
criterion for the splitting of aquaternion Ageha .



THE HILBERT SYMBOL to Butte DEFINED MDP

Lemme LET a ,b EF
×

1. Caa
,
bad 2)

p
= Ca , ble V Gd EFX

2
.
(b , @ IF = CO ,

b)
F

3- (Oi b) f -- Ca . -
ab ), = Cb , - ab ),

} eterne 2-4
4 . (l

, One = (Q , -
a)F =L

5
.

IFQ -41 THEN call-0¥ I
6 .
GEAUT CF ) : CQ , ble = Cocoa , GCBDF

exercises 518114118


